Abstract. In this paper, we present a new method for computing the topology of curves defined as the intersection of two implicit surfaces. The main ingredients are projection tools, based on resultant constructions and 0-dimensional polynomial system solvers. We describe a lifting method for points on the projection of the curve on a plane, even in the case of multiple preimages on the 3D curve. Reducing the problem to the comparison of coordinates of so-called critical points, we propose an approach which combines control and efficiency. An emphasis in this work is put on the experimental validation of this new method. Examples treated with the tools of the library AXEL 1 (Algebraic Software-Components for gEometric modeLing) are showing the potential of such techniques.
Introduction
Numerical modeling plays an increasingly role in fields at the border between data processing and mathematics. This is the case for example in CAD (Computer-aided design, where the objects of a scene or a piece to be built are represented by parameterized curves or surfaces such as NURBS), robotics (problem of the parallel robot, or vision), or molecular biology (rebuilding of a molecule starting from the matrix of the distances between its atoms obtained by NMR). A fundamental operation in this context is the intersection of geometric models, which leads to algebraic questions.
In this paper, we focus on the problem of computing the topology of the intersection of two algebraic surfaces. Such a question is critical in many solid geometry operations, involved in the digital modeling or construction process of shapes. In the case of two parameterized surfaces, in order to reduce to such a situation, we may compute the implicit equation of one of the rational surfaces [4] . This reduces the problem of intersection to the case of an implicit and a parameterized representation, which boils down, by substitution, to the case of a curve defined by an implicit equation in the plane of parameters. Our main concern will be the case of implicit curves, either in the plane or defined by two polynomial equations, in a 3-dimensional space.
This intersection problem received a lot of attention in the past literature. See for instance [9, 19, 16] . Different techniques (subdivision, lattice evaluation, marching methods) have been experimented [18, 10, 1, 13, 12, 19 ], but they suffer from the problem of certifying the topology of the result.
In this paper, we present a new method to compute the topology of an algebraic curve in 3D, based on an extension of the 2D approach [13], [11] . Our objective is to devise a certified and output-sensitive method, in order to combine control and efficiency. We show that it reduces to the comparison of coordinates of points of intersections of two curves or three surfaces. This task can be fulfilled by using exact methods, such as the one described in [3], [8] , which reduces to comparison of roots of univariate problems. Our approach is combining symbolic and numeric techniques, in order to filter the numerical computation. We present preliminary experiments in the library AXEL 2 (Algebraic Software-Components for gEometric modeLing), devoted to algebraic tools for geometric modeling. We are interested in the efficiency and also in the numerical behavior and stability of the method. The experiments are made using the package SYNAPS 3 [6] (SYmbolic and Numeric APplicationS), which provides a set of polynomial solvers. We apply in particular solvers, based on algebraic manipulations [20] , or resultant constructions. This leads to eigenvalue computations, which are performed by LAPACK subroutines [2] . For more details on the polynomial solving algorithms, we refer to [8] .
The main objective being the description of the curve of intersection of two implicit surfaces, the method that we present yields "only" the topology of such a curve, that is a graph of 3D points, connected by segments, with the same topology as the algebraic curve. Producing a good geometric approximation of the curve, which is the next step of a complete method, will not be considered here. It consists in applying marching techniques on the regular branches of the curve.
In the next section, we will describe quickly the algebraic ingredients that we need. The algorithm will be detailed in section 3 and some implementation topics and experimentations are presented in the last section.
Algebraic Tools
In this section, we introduce different algebraic tools that will be used later.
Resultant and Projection
For any polynomials p 1 , . . . , p k ∈ [z], we denoted by p 1 , . . . , p k the vector space spanned by these polynomials. Let We need first the following definition:
